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Abstract
Two years after the prediction of a giant spin Hall effect for the dilute Cu(Bi) alloy [Gradhand
et al., Phys. Rev. B 81, 245109 (2010)], a comparably strong effect was measured in thin films of
Cu(Bi) alloys by Niimi et al. [Phys. Rev. Lett. 109, 156602 (2012)]. Both theory and experiment
consider the skew-scattering mechanism to be responsible, however they obtain opposite sign for the
spin Hall angle. Based on a detailed analysis of existing theoretical results, we explore differences
between theory and experiment.
PACS numbers: 71.15.Rf,72.25.Ba,75.76.+j,85.75.-d
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One of the most interesting phenomena related to the field of spintronics is the spin
Hall effect (SHE) [1, 2]. It provides the opportunity to create spin currents in nonmagnetic
materials avoiding injection from a ferromagnet. For practical applications, materials with a
large spin Hall angle (SHA), the efficiency of charge to spin current conversion, are desirable.
The first measurement of the giant SHE was realized in Au with a SHA of 0.11 [3]. Recently,
a giant SHA of−0.12 to −0.15 was measured in highly resistive β-Ta [4], in accordance with a
qualitative prediction based on a tight-binding model for bcc Ta [5]. Comparably large SHA’s
were predicted for Au(C) [6] and for Cu(Bi) [7] dilute alloys from first-principles calculations.
For thin films of Cu(Bi) alloys the giant SHE was recently confirmed experimentally [8].
However, the sign of the measured spin Hall angle (−0.24) is opposite to the ab initio result
(0.08), although in both studies skew scattering at substitutional Bi impurities is assumed
to be the origin of the considered effect.
In this paper we provide an analysis of theoretical and experimental results and conclude
that the sign of the SHE measured in thin film Cu(Bi) alloys cannot be explained by the
conventional skew scattering at substitutional Bi impurities in Cu bulk. Our study is based
on first-principles calculations using the semiclassical Boltzmann equation [6] and the quan-
tum mechanical Kubo-Strˇeda formula [9]. In addition, we present an extended version of a
relativistic phase shift model used in Ref. 8. We demonstrate that this model applied to the
considered phenomenon provides good agreement with the ab initio calculations.
The sign of the SHA is a subtle point since different sign conventions for the spin Hall
conductivity (SHC) are used in literature. This complicates a comparison between various
approaches. One definition uses the SHC in units of the charge conductivity with the
corresponding prefactor of e2 [6, 10, 11]. Its advantage is the coherent treatment of spin and
charge conductivities providing the dimensionless spin Hall angle as their ratio. In addition,
for materials like copper with spin expectation values of the Bloch states close to one (in
units of ~/2) [12], the two current model can be employed. Within this model, the charge
and spin Hall current densities are given by jx = j
+
x + j
−
x = σxxEx = (σ
+
xx + σ
−
xx)Ex and
jsy = j
+
y − j−y = σsyxEx = (σ+yx−σ−yx)Ex, respectively. Here “+” and “−” denote the two spin
channels contributing to the charge conductivity σxx and the spin Hall conductivity σ
s
yx as
linear response functions to an applied electric field E = (Ex, 0, 0). Although this appears
natural within the semiclassical theory [6, 10, 11], the most common definition is related
to the Kubo theory [13–15]. Here, the SHC has the prefactor of (−e)(~/2) replacing the
2
electron charge (−e) by the spin units ~/2. Clearly, such a definition provides opposite sign
in comparison to the first one. Finally, one can use the SHC expressed in units of the charge
conductivity but keeping the sign from the common definition of the Kubo formula [13–
15]. This was done in Ref. 9 exploiting the Kubo-Strˇeda formula. Throughout this paper
the SHC, denoted as σsH, will refer to σ
s
yx of Refs. 6 and 7, σ
s
xy of Ref. 9, and
2e
~
σsxy of
Refs. 13–15. Taking into account that for the systems with both time and space inversion
symmetry the relation σsxy = −σsyx is valid, this procedure provides a consistent treatment
of different approaches. Obviously, the sign of the SHC determines the sign of the spin
Hall angle α = σsH/σxx used to quantify the SHE. This quantity is perfectly suited for the
skew-scattering mechanism where α is independent of the impurity concentration [6, 9].
After these introductory comments, let us compare experimental and theoretical results.
The negative value of the SHA was measured for Cu(Bi) alloys, while a positive sign of the
SHE was reported for the Cu(Ir) alloy and for pure Pt (see Fig. 2 of Ref. 8). The intrinsic
contribution to σsH calculated within ab initio approaches [9, 16] confirms a positive value
for Pt. In addition, it is commonly assumed that the SHE in Pt is related to the intrinsic
mechanism, since reproducible experimental results are in good agreement with the cor-
responding theoretical predictions. Moreover, the extrinsic contribution was shown to be
small for this material [9, 17]. Thus, the experimental values reported in Ref. 8 are given
for σsH as defined above. This point is additionally confirmed by first-principles calculations
performed for the dilute Cu(Ir) alloy. Considering the skew-scattering mechanism, we ob-
tain α = 0.035 and α = 0.029 from the Boltzmann equation and the Kubo-Strˇeda formula,
respectively, while the experimental value is 0.023 [8]. For this alloy, both the charge and
spin resistivities show almost perfect linear dependence on the impurity concentration up
to 12 at.% [8, 18]. This indicates the dominance of the skew-scattering mechanism for the
SHE in Cu(Ir). By contrast, for the Cu(Bi) alloy the experimental results deviate from the
linear dependence above 0.5 at.% impurity concentration [8]. To handle this problem, lower
concentrations were chosen for the measurement of the reported negative SHA, assuming
the skew-scattering mechanism to be dominant in this region. This assumption was sup-
ported by numerical calculations within a resonant scattering model [8]. However, it is in
contradiction to the result of the first-principles calculations [7]. To clarify this issue, we
present a derivation of an extended phase shift model.
The semiclassical approach in spherical band approximation provides the following ex-
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pression for the conductivity tensor of a crystal
σˆ = e
2
V
∑
k
δ(Ek − EF )vk ◦Λk = e2mekF~2(2pi)3
∫
dΩk vk ◦Λk , (1)
evaluated with
Ek = ~2k22me , 1V
∑
k
δ(Ek − EF )→ mekF~2(2pi)3
∫
dΩk . (2)
Here V is the system volume and
∫
dΩk refers to an integration over the angular part of the
crystal momentum k. The mean free path in Eq. (1) is given by the Boltzmann equation [19]
Λk = τk(vk +
∑
k′
Pk←k′Λk′) , (3)
where the momentum relaxation time τk is defined as
1
τk
=
∑
k′
Pk′←k =
2pi
~
ciN
∑
k′
|Tk′←k|2δ(Ek − Ek′) (4)
and vk = ~k/me is the group velocity. The microscopic transition probability Pk′←k de-
scribes the rate of scattering from an initial state k into a final state k′. This quantity is
defined by the corresponding transition matrix Tk′←k and scales with the impurity concen-
tration ci and the total number of atoms N in the system [19]. This scaling holds for the
dilute limit of noninteracting scatterers valid for impurity concentrations less than a few
at.%.
The derivation presented below is based on a relativistic scattering theory within the
spherical band approximation, as considered in Ref. 20. Following this approach, the tran-
sition matrix for the spin-conserving and spin-flip scattering can be obtained as [21]
T+←+
k′←k
= − 8pi2~2
mekF V
∑
lm
(
Y ml (kˆ)
)∗
Y ml (kˆ
′)
×
[(
l+m+1
2l+1
)
e
iδ
l+1
2 sin δl+ 1
2
+
(
l−m
2l+1
)
e
iδ
l− 1
2 sin δl− 1
2
] (5)
and
T−←+
k′←k
= − 8pi2~2
mekF V
∑
lm
(
Y ml (kˆ)
)∗
Y m+1l (kˆ
′)
×
√
(l−m)(l+m+1)
2l+1
[
e
iδ
l+1
2 sin δl+ 1
2
− eiδl− 12 sin δl− 1
2
]
,
(6)
respectively. Here δl±1/2 are the phase shifts for the relativistic quantum number j =
l ± 1/2 [20]. Similar to Ref. 11, further on we will use the isotropic relaxation time ap-
proximation τk ≈ τ0 = const. Then, the relaxation time can be easily obtained assuming
τ0 = τk0 , where k0 = (0, 0, kF ). In this case we obtain [21]
1
τ0
= 4pi~ci
mekFV0
∑
l
[
(l + 1) sin2 δl+ 1
2
+ l sin2 δl− 1
2
]
, (7)
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according to Eqs. (2), (4), (5), and (6). Here V0 = V/N is the unit cell volume.
With respect to the Hall conductivity caused by the skew-scattering mechanism, the
first term in Eq. (3) is unimportant since only the scattering-in term (vertex corrections)
contributes to this quantity [6, 9]. Moreover, only the antisymmetric part P antisym
k←k′
= (Pk←k′−
Pk′←k)/2 of the microscopic transition probability provides a nonvanishing contribution [10,
11]. In addition, we will use the approximation Λk′ → τk′vk′ for the scattering-in term in
Eq. (3), as was done in Ref. 11.
The presence of both time and space inversion symmetry provides the following relations
between the two spin channels: σ+xx = σ
−
xx and σ
+
yx = −σ−yx. Thus, within the two current
model discussed above, the spin Hall angle can be written as
α = (σ+yx − σ−yx)/(σ+xx + σ−xx) = σ+yx/σ+xx . (8)
Neglecting spin-flip transitions, the Hall component of the conductivity tensor σˆ+ is given
by
σ+yx =
ciNV e2k2F τ
2
0
~3(2pi)5
∫
dΩk
∫
dΩk′ kyk
′
x|T+←+k←k′ |2antisym (9)
with |T+←+
k←k′
|2antisym = (|T+←+k←k′ |2 − |T+←+k′←k |2)/2. Substituting Eq. (5) into Eq. (9), we obtain
σ+yx =
4e2~k2F ci
pim2eV0
τ 20
{
1
9
(f10 − f12) + 15(f21 − f23) + 27f32
}
, (10)
where f10, ... , f32 are defined by
fll′ =
{
(l′ + 1) sin (δl′+ 1
2
− δl+ 1
2
) sin δl+ 1
2
sin δl′+ 1
2
+l′ sin (δl′− 1
2
− δl+ 1
2
) sin δl+ 1
2
sin δl′− 1
2
−(l′ + 1) sin (δl′+ 1
2
− δl− 1
2
) sin δl− 1
2
sin δl′+ 1
2
−l′ sin (δl′− 1
2
− δl− 1
2
) sin δl− 1
2
sin δl′− 1
2
}
/(2l′ + 1) .
(11)
In Eq. (10) the contributions of s, p, d and f electrons are considered, neglecting terms with
l > 3. A detailed derivation of this equation is provided in the Supplemental Material [21].
The longitudinal conductivity in the relaxation time approximation is given by [21]
σ+xx =
e2k3F
6pi2me
τ0 , (12)
as obtained from Eqs. (1) and (2) neglecting the scattering-in term in the mean free path
given by Eq. (3).
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TABLE I: The skew-scattering contribution to the spin Hall angle α for the dilute Cu(Bi) alloy
calculated by means of the semiclassical and quantum mechanical ab initio approaches as well
as within the spherical band approximation. In addition, the experimental value is given for
comparison.
Theory SHA α
Phase shift model, Eq. (13) 0.096
Boltzmann equation [7] 0.081
Kubo-Strˇeda formula [9] 0.127
Experiment [8] -0.24
For comparison with Eq. (2) of Ref. 8, we skip in Eqs. (7) and (10) all terms with l > 1,
assuming they are negligible for the scattering at Bi atoms. Then, using Eqs. (7)–(12), we
obtain for the SHA
α =
2 sin δ0[sin δ1/2 sin (δ1/2−δ0)−sin δ3/2 sin (δ3/2−δ0)]
3(sin2 δ0+sin2 δ1/2+2 sin
2 δ3/2)
, (13)
where δ0 is the phase shift related to s electrons (l = 0), while δ1/2 and δ3/2 are the spin-orbit
split phase shifts of p electrons (l = 1). Equation (13) is equivalent to Eq. (2) of Ref. 8 but
with opposite sign.
The origin of this discrepancy arises from the scattering-in term of the Boltzmann equa-
tion. In our case it is used according to Kohn and Luttinger [22]. By contrast, Eq. (2) of
Ref. 8 was based on an erroneous scattering-in term used for the Boltzmann equation in
Ref. 11, that caused opposite sign in the SHA [23].
In Table I we present the results for the skew-scattering contribution to the SHA obtained
from first-principles calculations. They are shown in comparison to Eq. (13) based on
the spherical band approximation. Clearly, the latter one provides good agreement with
the Boltzmann equation. We would like to stress that including contributions of d and f
electrons in Eqs. (10) and (7) results in almost the same value of 0.095. Thus, the assumption
of Ref. 8, that the dominant scattering process is related to p electrons, is confirmed. This is
in agreement with Ref. 7, where it was highlighted that the spin-orbit driven scattering at Bi
impurities is particularly high for p electrons. In addition, Table I demonstrates a reasonable
agreement between the results obtained by the Boltzmann equation and the Kubo-Strˇeda
formula. According to Table I, the experimentally obtained sign of the SHA for thin film
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FIG. 1: (Color online) The spin Hall angle for the Cu(Bi) alloy with different impurity concentra-
tions obtained from the Kubo-Strˇeda formula.
Cu(Bi) alloys cannot be associated with the conventional skew scattering at noninteracting
substitutional Bi impurities.
Other candidates to explain the origin of the observed SHE are the intrinsic and side-jump
mechanisms. For that reason we performed corresponding calculations for Cu(Bi) alloys with
different impurity concentrations using the Kubo-Strˇeda formula [9]. Figure 1 shows the
results for the SHA including the intrinsic, side-jump and skew-scattering contribution. The
sign of this quantity remains positive for the whole range of the impurity concentrations
analysed in the experiment [8]. Altogether this demonstrates that the spin-orbit driven
scattering at substitutional Bi impurities randomly distributed in bulk Cu cannot explain
the sign of the measured SHA.
A major difference between the experimental setup and the considered theoretical ap-
proaches is that the latter ones rely on bulk materials. By contrast, the experiment is per-
formed for thin films. Recent ab initio calculations have shown that Pt adatoms on fcc(111)
noble metal films cause opposite sign for the SHA than impurities within the films [24]. We
performed corresponding calculations for ultrathin copper films with Bi impurities. Figure 2
7
shows the SHA as a function of the Bi impurity position for different Cu(111) film thicknesses
measured in monolayers (ML). Here, 1ML and 2ML films provide a significantly enhanced
SHA in comparison to thicker films showing values comparable to the bulk system. As dis-
cussed in Ref. 24, such an enhancement is caused by quantum confinement and the lack of
interband transitions for the reduced thickness. According to Fig. 2, all considered impurity
positions provide positive sign for the SHA, as in case of the bulk system. In addition, the
experiment of Ref. 8 has been performed on thin film Cu(Bi) alloys with the thickness of
20 nm (∼ 100ML). The results of Fig. 2 and Ref. 24 show that the influence of adatoms
on the SHE seems to be negligible for such thick films and the corresponding SHA should
be close to its bulk value. However, interface effects may still play a role due to a different
geometry used in the experimental setup. In the theory the electron spins are assumed to
be along the film growth direction, while the spin current is perpendicular to it. This is
governed by the form of the conductivity tensor of Eq. (1), which restricts the theoretical
approach to in-plane charge and spin currents [24]. By contrast, in the experiment the spin
current is injected into the Cu(Bi) film from the base Cu wire and the spin is considered
to be in plane (see Fig. 1 of Ref. 8). Finally, interface roughness and the existence of grain
boundaries in the films can provide extra scattering processes which are not covered within
the presented calculations.
Another route to address the discrepancy between theory and experiment is related to
the impurity cluster formation which is not considered in the theory yet. Experimentally
it was shown [8] that at impurity concentration above 0.5 at.% Bi atoms start to segregate
at the boundaries. For that reason the analysis to extract the skew scattering contribution
was restricted to lower concentrations. In this regime it was assumed that Bi impurities are
randomly distributed without short range ordering. This implies a linear relation between
the impurity concentration and the resistivity of the studied films, which was observed for
lower concentrations. However, the formation of extremely small clusters such as dimers or
trimers down to lowest impurity concentrations could not be excluded and its impact on
the SHE is up to date not explored. For a description of that case the existing theoretical
approaches need to be extended. Further experimental analysis of the actual impurity
distribution is also desirable.
In addition, it has to be mentioned that within the presented theoretical studies we have
not considered effects of lattice relaxation around Bi impurities. Although their influence
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FIG. 2: (Color online) The spin Hall angle for ultrathin Cu(111) films with Bi impurities which
are considered at several sites shown on a normalized abscissa fixing adatom “a”, surface layer “s”,
and central layer “c” positions. The lines are to guide the eyes.
seems to be relatively small for the charge conductivity (see, for instance, comparison be-
tween theory and experiment given by Table I in Ref. 25) they might more seriously affect
the spin Hall conductivity.
In summary, we performed a detailed analysis of the giant SHE in dilute Cu(Bi) alloys.
It is based on first-principles calculations using the semiclassical Boltzmann equation and
the quantum mechanical Kubo-Strˇeda formula. To elucidate the scattering contributions
in terms of angular momenta, we derived an extended phase shift model. All results of
the ab initio and model calculations are in good agreement with respect to both sign and
magnitude of the SHA. However, the comparison with the experiment for thin film Cu(Bi)
alloys confirms the giant effect but shows disagreement with respect to sign. Our analysis
reveals that the discrepancy cannot be explained by any calculation of the conventional
skew-scattering, the corresponding side-jump or the intrinsic mechanism. Routes to clarify
the intriguing sign problem are sketched.
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